Abstract: High-resolution stereo satellite imagery is widely used in environmental monitoring, topographic mapping, and urban three-dimensional (3D) reconstruction. However, a critical issue in these applications using high-resolution stereo satellite imagery is to improve the accuracy of point geo-positioning. This paper presents a framework for comparison of the performance of the three-dimensional (3D) geo-positioning of the bias-corrected Rigorous Sensor Models (RSMs) and rational function models (RFMs) with respect to the high-resolution QuickBird stereo images in three spaces (i.e., orbital space, image space and object space). The compared models include a bias-corrected RSM in the orbital space, a bias-corrected RSM and RFM in the image space, and a bias-corrected RSM and RFM in the object space. In the comparison, the RSMs and RFMs use the vendor-provided orbit data and Rational Polynomial Coefficients (RPCs), respectively. The experimental results indicated that, (1) these five bias-corrected models can provide a sub-pixel geo-positioning accuracy. With the zero-order polynomial correction model in the orbital space and a minimum of three Ground Control Points (GCPs), the accuracy based on RPCs better than 0.8 m in horizontal direction and 1.3 m in vertical direction. With an increase in the number of GCPs, or in the order of correction models, the regenerated orbital parameters achieve a slight improved positioning accuracy of 0.5 m in horizontal direction and 0.8 m in vertical direction with 25 GCPs, which indicates that the low-order correction model in the orbital space can accurately model the effects of ephemeris and attitude errors; (2) the performances of bias-corrected RSM and RFM in image space are rather similar. However, the bias-corrected RSM and RFM in image space achieve a better accuracy than the bias-corrected RSM and RFM in object space, with the same configuration of GCPs.
Introduction
The rapid development of High-Resolution Satellite Imagery (HRSI), such as QuickBird and IKONOS, has provided a large number of applications in environmental monitoring, topographic mapping, and urban three-dimensional (3D) reconstruction with a sub-meter spatial resolution. However, one of the most critical issues with respect to these applications is to improve the geo-positioning accuracy of stereo imageries. In general, there are two kinds of geometric sensor orientation models for HRSI. The first one is the Rigorous Sensor Model (RSM) [1, 2] , and the second Table 1 shows detail information of QuickBird stereo imageries used in this paper, including the acquisition time, scan direction, view angles, elevation angles, percentage cloud cover, and image spatial resolution. In Figure 1 , the two polygons indicate the regions of the QuickBird stereo pairs in the study area.
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Geo-Positioning of the Non-Corrected RSM and RFM
Geo-Positioning of the Non-Corrected RSM
The RSM refers to a model that builds up the transformation between the object and image spaces using onboard data of the HRSI. All the parameters of the RSM can be interpreted from these onboard data. Assuming that the ground coordinates of a point are ( , , ), and that the corresponding image coordinates of this point are ( , ) , then the most commonly used RSM for linear push-broom images can be expressed by: 
where is the focal length of the camera and are the image coordinates of the principal point, and these parameters are defined as the interior orientation (IO) parameters. In addition, , and are the coordinates of the satellite position or the center of the sensor frame, ( = 1, 2, 3; = 1, 2, 3) are the elements of the rotation matrix with the three angles ( , , ), and these The RSM refers to a model that builds up the transformation between the object and image spaces using onboard data of the HRSI. All the parameters of the RSM can be interpreted from these onboard data. Assuming that the ground coordinates of a point are (X, Y, Z), and that the corresponding image coordinates of this point are (s, l) , then the most commonly used RSM for linear push-broom images can be expressed by:
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where f is the focal length of the camera s 0 and l 0 are the image coordinates of the principal point, and these parameters are defined as the interior orientation (IO) parameters. In addition, X S , Y S and Z S are the coordinates of the satellite position or the center of the sensor frame, r ij (i = 1, 2, 3; j = 1, 2, 3)
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where (m i , n i , o i ), (i = 1, 2,¨¨¨; 6) are a specific set of coefficients that can be determined by the use of bundle adjustment. A more detailed discussion of the transformation model between the object and image spaces can be found in DigitalGlobe [25] . On the basis of the reconstructed transformation model of the RSM, the coordinates of a point in the object can be derived by use of a forward intersection.
Geo-Positioning of the Non-Corrected RFM
The RFM performs the transformation between the image and object spaces through a ratio of two third-order polynomials. Assuming that the normalized image coordinates of a point are (r, c), and the corresponding normalized ground coordinates are (U, V, W), then the RFM can be expressed by:
where 
where e i (i = 1, 2,¨¨¨; 19) are the coefficients of the RPCs provided with the imagery.
Geo-Positioning of the Bias-Corrected RSM and RFM
As a result of errors in geometric orientation with vendor provided RPCs and RSMs, bias will also exist in the geo-positioning. Furthermore, the discrepancies between measured and nominal coordinates in image space can be express as polynomials of the image coordinates [26] [27] [28] . Therefore, four bias-correction models (i.e., shift correction model, shift and scale correction model, affine correction model, and second-order polynomial correction model) in image space or object space are adopted for compensation of the bias in RSMs and RPCs. At the same time, three bias-correction models (i.e., zero-order polynomial model, first-order polynomial model, and second-order polynomial model of the sampling time t relative to the EO parameters of the first scan line in orbital space), with the aim being to compare the impact of different-order polynomial models in orbital space on the geo-positioning accuracy.
Assuming that Ds and Dl are the discrepancies between the nominal and measured coordinates in image space, thus they can be written as follows [15] :
The parameters of the four bias correction models for RSM in image space are described as follows. (1) Assuming that DX, DY, and DZ are the discrepancies between the nominal and measured coordinates in object space, thus they can be express as following [26] :
The parameters of the four bias correction models for RSM in object space are listed as follows. (1) The shift correction model has three parameters (a 10 , a 20 , a 30 ); (2) Assuming that DX S , DY S , DZ S , Df S , Dw S and Dk S are the discrepancies between the nominal and measured value in orbital space, thus they can be expressed by [26] :
The parameters of the three bias correction models for RSM in the orbital space are listed as follows. (1) The zero-order correction model has six parameters (X S 10 , Y S 10 , Z S 10 , f S 10 , k S 10 , w S 10 ); (2) the first-order correction model has twelve parameters (X S 10 , Y S 10 , Z S 10 , f S 10 , k S 10 , w S 10 , X S 11 , Y S 11 , Z S 11 , f S 11 , k S 11 , w S 11 ); and (3) the second-order correction model has eighteen parameters (X S 10 , Y S 10 , Z S 10 , f S 10 , k S 10 , w S 10 , X S 11 , Y S 11 , Z S 11 , f S 11 , k S 11 , w S 11 , X S 12 , Y S 12 , Z S 12 , f S 12 , k S 12 , w S 12 ). Similarly, the parameters of four bias correction models for RFM in image space and object space are the same as those presented in Equations (5) and (6), respectively.
In order to assess the performance of the different bias-correction models, the CKPs are used. The discrepancies between the known and calculated coordinates of the CKPs are first obtained, and this is followed by computation of the RMS error of the CKPs. The RMS(X), RMS(Y) and RMS(Z) are the RMS errors in latitude, longitude, and height, respectively.
Results and Analysis
In the experiments, each bias-correction model as introduced in Section 3.2 was performed based on the minimum number of GCPs, and additional GCPs were then added to evaluate the influence of GCPs configuration on the geo-positioning accuracy of bias-corrected RSM and RFM. Furthermore, for each bias-correction model, a free-network adjustment solution with inner constraints was used to evaluate the best indicator of the overall metric potential of the QuickBird stereo imageries by use of all the GCPs as loosely weighted control points with a priori standard deviation (σ = 3 m). A more detailed description of the scenarios of the GCP configurations used in the experiments can be found in [28] .
Results of Geo-Positioning Accuracy of Non-Corrected RSM and RFM
In this section, all the points surveyed by GPS were used as CKPs to check the geo-positioning accuracy of the onboard data and the sensor-oriented RPCs. Table 2 shows the result of geo-positioning accuracy of non-corrected RSM and RFM based on QuickBird stereo imageries, as discussed in Section 3.1. From the results of non-corrected RSM and RFM, it indicated that significant bias exists in the calculated coordinates by the use of non-corrected RSM and RFM. In addition, the geo-positioning accuracies of QuickBird stereo imageries based on non-corrected RSM are 12.398 m in horizontal direction and 21.158 m in vertical direction, and those based on non-corrected RFM are 12.524 m and 21.186 m, respectively. The accuracy difference between non-corrected RFM and RSM is less than 0.2 m in horizontal direction, which is consistent with the report from [7] . However, the biggest difference occurring in vertical direction reaches 1 m. 
Results of Geo-Positioning Accuracy of Bias-Corrected RSM and RFM
Five scenarios with different bias-corrected RSM and RFM models were designed to evaluate the accuracy of geo-positioning based on QuickBird stereo imageries. The proposed scenarios were as follows. (1) Table 3 shows the results of geo-positioning accuracy of bias-corrected RSM by use of three correction models. From the results presented in Table 3 , we can see that the geo-positioning accuracy improved with increase in the number of GCPs. An accuracy of 0.8 m in the horizontal direction was achieved in the case of three GCPs in zero-order polynomial correction model in the orbital space. When the number of GCPs was six, the accuracy reached 0.67 m (better than 1 pixel) in planimetry by the use of zero-and first-order polynomial correction models. Table 4 shows the results of geo-positioning accuracy by use of these four models performed in image space. From the results presented in Table 4 , we can see that, with shift and scale bias-correction model and three GCPs, the geo-positioning accuracy of QuickBird stereo pairs significantly improved to 0.520 m in latitude, 0.564 m in longitude, and 1.160 m in height, which was close to the accuracy achieved by the use of all 84 GCPs. Table 5 shows the results of geo-positioning accuracy by use of four correction methods performed in image space. From Table 5 , we can see that the four RFM correction models in image space achieved an accuracy that was close to bias-correction models of RSM in image space. Table 6 shows the results of geo-positioning accuracy for bias-corrected RSM by four methods performed in object space. From Table 6 , we can see that some larger errors occurred in affine correction model when the number of GCPs was four or five. Furthermore, the computation did not converge in second-order polynomial model when the number of GCPs was 13. Overall, the results showed that second-order and higher-order polynomial models might not be suitable for performing geo-positioning of RSM in object space. Table 7 shows the results of geo-positioning accuracy of bias-corrected RFM by four correction models performed in object space. From the results presented in Table 7 , we can see that the four correction models performed are similar as scenario four. 
Comparison and Discussion of the Performance of Bias-Correction Models of the RSM and RFM
In this section, based on the experimental results of above-mentioned five scenarios, a comprehensive comparison is conducted with regard to the performance of bias-correction models of the RSM and RFM in image space, object space, and orbital space.
Comparison of the Performance of Bias-Correction Models
In Scenario one, three bias-correction models as introduced in Section 3.2 were tested to examine the impact of different-order polynomials on geo-positioning accuracy of QuickBird stereo imageries in orbital space. At the same time, in Scenarios two to five, four bias-correction models as introduced in Section 3.2 were tested to see if they could improve the geo-positioning accuracy of both RSM and RFM in image and object spaces. In order to compare the performance of these seven bias-correction models, the results of geo-positioning accuracy of tested QuickBird stereo imageries were calculated by use of all 84 GCPs. The comparison of the performance of these seven bias-correction models is discussed as follows.
(1) From the results in Table 3 , we can see that all three bias-correction models presented a good performance in geo-positioning accuracy, and second-order polynomial model achieved highest accuracy of 0.5 m in horizontal direction and 0.7 m in vertical direction. (2) From Tables 4-7 it can be seen that shift bias-correction model is an efficient model. In Scenarios two to five, the results of geo-positioning accuracy by use of shift bias-correction model with only one GCP show that the geo-positioning accuracy has been greatly improved and reached 2.3 m in horizontal direction and 3.4 m in vertical direction. At the same time, the highest accuracy of 0.7 m in latitude was achieved. However, the accuracy was not greatly improved with an increase in the number of GCPs. However, a poorer performance was observed in the experiments with bias-corrected RSM and RFM in the object space when the number of GCPs was less (for example, three GCPs in Table 6 and four GCPs in Table 7 ). 
Comparison of the Performance of Bias-Correction Spaces
In this section, the performance of bias-correction models in different spaces-the orbital space, the image space, and the object space based on 25 GCPs-is discussed. Figure 4 shows a comparison of the results of geo-positioning accuracy by use of bias-correction models of both RSM and RFM in three spaces, based on 25 GCPs.
We can see from the Figure 4 that, (1) the results of geo-positioning accuracy by use of three polynomial correction models, as described in Section 3.2, in orbital space are stable and consistent in three directions. In addition, the results are also close to those of four bias-correction models as introduced in Section 3.2 of RSM and RFM in image space; (2) Better accuracies of geo-positioning by use of bias-correction models in image space were achieved than those in object space, and the second-order polynomial bias-correction model accomplished the worst accuracy in height. However, a poorer performance was observed in the experiments with bias-corrected RSM and RFM in the object space when the number of GCPs was less (for example, three GCPs in Table 6 and four GCPs in Table 7 ). (4) From Tables 4-7, it can be seen that second-order polynomial correction model obtained the highest accuracy of 0.376 m in latitude, 0.347 m in longitude, and 0.749 m in height with respect to bias-corrected RFM in image space when the GCPs reached 25 points. However, the computation did not converge in the experiments with the bias-corrected RSM and RFM in object space when the number of GCPs was 13, as shown in Table 6 and Table 7 .
We can see from the Figure 4 that, (1) the results of geo-positioning accuracy by use of three polynomial correction models, as described in Section 3.2, in orbital space are stable and consistent in three directions. In addition, the results are also close to those of four bias-correction models as introduced in Section 3.2 of RSM and RFM in image space; (2) Better accuracies of geo-positioning by use of bias-correction models in image space were achieved than those in object space, and the second-order polynomial bias-correction model accomplished the worst accuracy in height.
(a) 
Comparison of the Performance of Bias-Correction of Geometric Sensor Models
In this section, we compare the geo-positioning accuracy with respect to different bias-correction models with different geometric sensor models (i.e., RSM and RFM) in both image and object spaces. Figure 5 shows a comparison of the performance of geo-positioning accuracy with respect to the different bias-correction models and geometric sensor models (i.e., RSM and RFM) in both image and object spaces. The RMS error of the coordinates of CKPs is calculated by c´p Dlatitudeq 2`p Dlongitudeq 2`p Dheightq 2¯{ n, where n is the number of CKPs, Dlongitude, Dlatitude, and Dheight represent the discrepancies of calculated and measured coordinates of CKPs in latitude, longitude, and height, respectively. From the Tables 2-7 we can see that by use of affine bias-correction model or shift and scale bias-correction model, the performance of geo-positioning accuracy with RSM was better than that of RFM in both image space and object space, except for the cases of shift bias-correction model and second-order polynomial bias-correction model with respect to the RSM and RFM. In addition, the accuracy difference between the two geometric sensor models was less than 0.1 m.
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In this section, we compare the geo-positioning accuracy with respect to different bias-correction models with different geometric sensor models (i.e., RSM and RFM) in both image and object spaces. Figure 5 shows a comparison of the performance of geo-positioning accuracy with respect to the different bias-correction models and geometric sensor models (i.e., RSM and RFM) in both image and object spaces. The RMS error of the coordinates of CKPs is calculated by D + D + Dℎ ℎ ⁄ , where is the number of CKPs, D , D
, and Dℎ ℎ represent the discrepancies of calculated and measured coordinates of CKPs in latitude, longitude, and height, respectively. From the Table 2-7, we can see that by use of affine bias-correction model or shift and scale bias-correction model, the performance of geo-positioning accuracy with RSM was better than that of RFM in both image space and object space, except for the cases of shift bias-correction model and second-order polynomial bias-correction model with respect to the RSM and RFM. In addition, the accuracy difference between the two geometric sensor models was less than 0.1 m. 
Conclusions
This paper has presented a comparison of performance of bias-corrected RSM and RFM models for geo-positioning of QuickBird stereo images. These compared models referred to bias-corrected 
This paper has presented a comparison of performance of bias-corrected RSM and RFM models for geo-positioning of QuickBird stereo images. These compared models referred to bias-corrected RSM in orbital space, bias-corrected RSM and RFM in image space, and bias-corrected RSM and RFM in object space. The experimental results indicated that:
(1) By use of zero-order polynomial correction model in orbital space and a minimum of three GCPs, the refined RPCs improved the accuracy to 0.8 m in planimetry and 1.3 m in height, which indicates that the low-order correction model in orbital space can accurately reduce the effects of ephemeris and attitude errors. (2) The geo-positioning accuracy with RSM was better than that of RFM in both image and object spaces by use of bias correction models, and the low-order correction models (such as affine model, shift and scale model) can achieve a sub-pixel accuracy in horizontal direction with a few number of GCPs (for example, one to three GCPs). (3) High-order polynomial correction models (such as second-order polynomial model) performed rather unstable, particularly in object space.
